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Fkdswhu :
Wkh pd{lpxp qxpehu ri
Kdplowrqldq wrxuv lq
judskv
Lq wklv fkdswhu zh suhvhqw dq rshq judsk0wkhruhwlfdo sureohp/ qdpho|
wkdw ri qglqj wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv lq d judsk
zlwk d jlyhq qxpehu ri yhuwlfhv dqg hgjhv1 Iru judskv zlwk d vpdoo
qxpehuv ri yhuwlfhv/ euxwh irufh frpsxwlqj srzhu lv xvhg wr ghwhuplqh
wklv qxpehu1 Iru judskv zlwk odujh qxpehuv ri yhuwlfhv/ orzhu dqg xsshu
erxqgv duh ghulyhg iru wklv qxpehu/ erwk jlyhq e| forvhg0irup irupxodv1
Wklv fkdswhu lv edvhg rq Whxqwhu ) Ydq ghu Srruw ^<7`1
:14 Lqwurgxfwlrq
Lq wklv fkdswhu zh lqwurgxfh dq rshq judsk0wkhruhwlfdo sureohp dqg
surylgh vrph suholplqdu| uhvxowv1 Wkh sureohp lv wkdw ri ghwhuplqlqj
wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv lq d judsk zlwk d jlyhq
qxpehu ri yhuwlfhv dqg hgjhv1 Lq rwkhu zrugv/ zh frqvlghu wkh iroorzlqj
sureohp1 Krz wr fkrrvh d jlyhq qxpehu ri hgjhv vxfk wkdw wkh qxpehu
ri Kdplowrqldq wrxuv lq wkh uhvxowlqj judsk lv dv odujh dv srvvleohB
Zh hqfrxqwhuhg wklv sureohp lq Fkdswhu 9 zkloh vwxg|lqj vhqvlwlylw|
dqdo|vlv iru wkh Wudyholqj Vdohvpdq Sureohp +WVS,1 Lq wkdw fkdswhu wkh
iroorzlqj judsk0wkhruhwlfdo sureohp dsshduhg wr eh ri lpsruwdqfh1 Krz
pdq| hgjhv qhhg wr eh dgghg wr d vkruwhvw Kdplowrqldq wrxu lq rughu
wr qg d vhw ri vr0fdoohg n0ehvw wrxuvB D vhw ri wrxuv zlwk fduglqdolw|
n lv fdoohg n0ehvw zkhq dq| Kdplowrqldq wrxu qrw lq wklv vhw lv dw ohdvw
49:
49; Fkdswhu :1 Wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv lq judskv
dv orqj dv wkh orqjhvw wrxu lq wkh vhw1 Fohduo|/ lq rughu wr qg d vhw
ri n0ehvw Kdplowrqldq wrxuv/ wkh qxpehu ri hgjhv dgghg wr d judsk
iruphg e| d vlqjoh Kdplowrqldq wrxu lv dw ohdvw htxdo wr wkh plqlpxp
qxpehu ri hgjhv wkdw kdv wr eh dgghg lq rughu wr rewdlq d judsk zlwk n
Kdplowrqldq wrxuv1 Lq rwkhu zrugv/ zh duh lqwhuhvwhg lq wkh pd{lpxp
qxpehu ri Kdplowrqldq wrxuv lq d judsk zlwk q yhuwlfhv dqg q.d hgjhv/






Lq wkh olwhudwxuh/ sureohpv lqyroylqj qxpehuv ri Kdplowrqldq wrxuv
kdyh pdlqo| ehhq frqvlghuhg iru 6 dqg 70uhjxodu judskv1 Lq Wxwwh ^<:` lw
lv vkrzq wkdw wkh qxpehu ri Kdplowrqldq wrxuv lq dq| fxelf judsk frq0
wdlqlqj d jlyhq hgjh lv hyhq1 Vordqh ^;8` suryhv wkdw li d judsk frqwdlqv
wzr hgjh0glvmrlqw Kdplowrqldq wrxuv/ wkhq wkhuh h{lvwv d wklug Kdplo0
wrqldq wrxu lq wklv judsk1 Ervän ^9` vkrzv wkdw iru fxelf elsduwlwh judskv
wkh wrwdo qxpehu ri Kdplowrqldq wrxuv lv hyhq1 Orzhu erxqgv iru wkh
qxpehu ri Kdplowrqldq wrxuv lq 70uhjxodu judskv duh jlyhq lq Wkrpdvrq
^<8`1 Rwkhu dxwkruv kdyh frqvlghuhg wkh sureohp ri qglqj wkh qxpehu
ri Kdplowrqldq wrxuv lq udqgrp judskv/ vhh h1j1 Frrshu ) Iulh}h ^47`1
Fohduo|/ wkh sureohp ri ghwhuplqlqj wkh pd{lpxp qxpehu ri Kdplo0
wrqldq wrxuv lq d judsk lv dq hqxphudwlrq sureohp +vhh Jduh| ) Mrkqvrq
^56`, ru frxqwlqj sureohp +vhh Sdsdglplwulrx ^9:`,1 Lw lv qdwxudoo| dvvrfl0
dwhg zlwk wkh ghflvlrq sureohp frqfhuqlqj wkh h{lvwhqfh ri d Kdplowrqldq
wrxu lq d judsk/ l1h1 wkh vr0fdoohg Kdplowrqldq f|foh sureohp1 Wkh
Kdplowrqldq f|foh hqxphudwlrq sureohp lv hyhq pruh frpsolfdwhg1 Lq
idfw/ hyhq li S @ QS/ dqg zh frxog ghflgh lq sro|qrpldo wlph zkhwkhu
dq duelwudu| judskJ frqwdlqv d Kdplowrqldq wrxu/ lw lv qrw dssduhqw wkdw
wklv zrxog hqdeoh xv wr frxqw wkh qxpehu ri Kdplowrqldq wrxuv lq J lq
sro|qrpldo wlph> vhh Jduh| ) Mrkqvrq ^56`1 Lq idfw/ zh vwxg| d yduldqw
ri wklv vwdqgdug Kdplowrqldq f|foh hqxphudwlrq sureohp/ qdpho| wkdw
ri ghwhuplqlqj wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv lq d judsk
zlwk d jlyhq qxpehu ri yhuwlfhv dqg hgjhv1
Wkh rujdql}dwlrq ri wklv fkdswhu lv dv iroorzv1 Lq Vhfwlrq :15 zh vwdwh
d pdwkhpdwlfdo irupxodwlrq ri wkh sureohp dqg lqwurgxfh vrph qrwdwlrq1
H{dfw ydoxhv ri wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv lq judskv
zlwk d vpdoo qxpehu ri hgjhv duh jlyhq lq Vhfwlrq :16 e| xvlqj euxwh
irufh frpsxwlqj srzhu1 Lw lv dovr vkrzq wkdw wkh pd{lpxp qxpehu ri
Kdplowrqldq wrxuv lq vsduvh judskv/ l1h1 judskv iru zklfk wkh qxpehu
ri hgjhv lv ohvv wkdq 
2
wlphv wkh qxpehu ri yhuwlfhv/ rqo| ghshqgv rq
wkh qxpehu ri hgjhv lq wkdw judsk dqg qrw rq wkh qxpehu ri yhuwlfhv1
Xqiruwxqdwho|/ zh duh qrw deoh wr ghulyh d forvhg0irup irupxod iru wkh
:151 Ghilqlwlrqv 49<
pd{lpxp qxpehu ri Kdplowrqldq wrxuv lq judskv zlwk d {hg qxpehu
ri yhuwlfhv dqg hgjhv1 Krzhyhu/ wzr orzhu erxqgv dqg rqh xsshu erxqg
iru wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv duh ghulyhg lq Vhfwlrqv
:17 dqg :18 ehlqj ydolg iru dq| qxpehu ri hgjhv dqg yhuwlfhv1 Pruhryhu/
wkh xsshu erxqg dqg rqh ri wkh orzhu erxqgv duh jlyhq e| d forvhg0irup
irupxod1 Zh hqg lq Vhfwlrq :19 zlwk d frpsdulvrq ri wkh orzhu dqg
xsshu erxqgv1
:15 Ghqlwlrqv
Iru q  6/ frqvlghu wkh frpsohwh judsk N? @ +Y?>H?, zlwk wkh yhuwh{
vhw Y? @ i4> = = = > qj dqg wkh hgjh vhw H? @ iil> mj = l> m 5 Y> l 9@ mj1
Ghqrwh p? @ mH?m @

2
q+q  4,1 Dq| vxevhw ri H? wkdw irupv d f|foh
frqwdlqlqj hdfk yhuwh{ lq Y? h{dfwo| rqfh lv fdoohg d Kdplowrqldq wrxu
lq wkh judsk N?1 Ghqrwh e| K? wkh vhw ri doo Kdplowrqldq wrxuv lq N?1
Iru dq| D  H?/ wkh qxpehu ri Kdplowrqldq wrxuv lq N? ehlqj
frqwdlqhg lq D lv ghqrwhg e| ? > l1h1
? @ miK 5 K? = K  Djm=
Ixuwkhupruh/ iru d @ 3> 4> = = = >p?q/ ?+d, lv ghqhg dv wkh pd{lpxp
qxpehu ri Kdplowrqldq wrxuv wkdw fdq eh irxqg ryhu doo vhwv D  H?
zlwk mDm @ q. d/ l1h1
?+d, @ pd{

? = D  H?> mDm @ q. d

=
Dv dq h{dpsoh/ frqvlghu wkh hgjh vhwD@ ii4> 5j>i5> 6j> = = = >i8> 9j>i9> 4j>
i4> 7j> i5> 8j> i6> 9jj ri wkh frpsohwh judskNS zlwk lwv fruuhvsrqglqj vhw
ri Kdplowrqldq wrxuv vkrzq lq Iljxuh :141 Rqh vxfk wkdw 
S
@ 91 Lw
zloo eh hvwdeolvkhg lq Vhfwlrq :16 wkdw wkhuh grhv qrw h{lvw d vxejudsk




Ohw D  H? dqg X  Y?1 Ohw H+D>X, ghqrwh wkh vhw ri hgjhv lq D
wkdw duh lqflghqw wr wzr yhuwlfhv lq X / l1h1
H+D>X, =@ iiy>zj 5 D = y>z 5 Xj1
Dovr/ iru dq| yhuwh{ y 5 X / ohw H+D>X, ghqrwh wkh vhw ri hgjhv lq D
wkdw duh lqflghqw wr y dqg dqrwkhu yhuwh{ lq X / l1h1
H+D>X, =@ iiy>zj 5 D = z 5 Xj  H+D>X,1
4:3 Fkdswhu :1 Wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv lq judskv
Ohw D  H?1 D sdwk S lq D lv d vhw ri dgmdfhqw hgjhv lq N?/
frqwdlqlqj qr f|fohv ru fodzv +wkuhh hgjhv zlwk d frpprq yhuwh{,1 Wkh
ohqjwk ri d sdwk lv ghqhg dv wkh fduglqdolw| ri wkh hgjh vhw1 Dq| sdwk
S zlwk glhuhqw hqg0yhuwlfhv x dqg y lv frqwudfwhg lqwr d vlqjoh hgjh +ru
yhuwh{, zkhq S lv uhsodfhg e| d vlqjoh qhz hgjh ix> yj +ru yhuwh{,/ dqg
doo rwkhu yhuwlfhv dqg hgjhv lq S dqg doo hgjhv dgmdfhqw wr lqwhuphgldwh
yhuwlfhv ri S duh ghohwhg1 Lq wkh uhyhuvh rshudwlrq/ dq| vlqjoh hgjh ix> yj
fdq eh h{sdqghg lqwr d sdwk S ri ohqjwk n e| lqwurgxflqj n  4 qhz
































Iljxuh :14= Judsk zlwk lwv fruuhvsrqglqj vhw ri Kdplowrqldq wrxuv1
:16 Wkhpd{lpxpqxpehu ri Kdplowrqldq wrxuv
lq d judsk
Wdeoh :14 jlyhv wkh ydoxhv ri ?+d, wkdw zhuh rewdlqhg e| jhqhudwlqj
iru hdfk frpelqdwlrq ri d dqg q doo srvvleoh hgjh vhwv D  H?qK ri
fduglqdolw| d frqwdlqlqj vrph duelwudulo| fkrvhq Kdplowrqldq wrxu K1
Iru hdfk vhw D/ wkh qxpehu ri Kdplowrqldq wrxuv lq wkh judsk zlwk
yhuwh{ vhw Y dqg hgjh vhw K ^D lv ghwhuplqhg e| dsso|lqj wkh prglhg
eudqfk0dqg0erxqg dojrulwkp ri Fkdswhu 7 iru jhqhudwlqj wkh vhw ri doo
Kdplowrqldq wrxuv lq d judsk1 Lq jhqhudwlqj doo vhwv D  H?qK ri
fduglqdolw| d/ zh wulhg dv pxfk dv srvvleoh wr h{sorlw wkh idfw wkdw wkh
yhuwlfhv lq wkh judsk fdq eh odehohg duelwudulo|/ dqg khqfh lw lv vx!flhqw
wr frqvlghu rqo| wkrvh vhwv D iru zklfk yhuwh{ 4 lv lqflghqw wr wkh kljkhvw
qxpehu ri hgjhv lq D1 Pruhryhu/ zh dovr xvhg wkh v|pphwu| lq wkh
vwuxfwxuh ri wkh judsk1
:171 Orzhu erxqgv iru wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv 4:4
?+d, q 8 9 : ; < 43 44 45 46
d
5 5 5 5 5 5 5 5 5 5
6 7 9 7 7 7 7 7 7 7
7 9 9 9 9 9 9 9 9 9
8 45 43 < 45 < 45 < < <
9  49 49 53 49 4; 49 49 49
Wdeoh :14= Wkh ydoxhv ?+d, rewdlqhg iurp rxu frpsxwdwlrqv1
Lw dsshduv wkdw ? +d, lv frqvwdqw iru q vx!flhqwo| odujh/ l1h1 iru
q A 5d1 Wklv lv suryhq lq wkh iroorzlqj wkhruhp1
Wkhruhp :14 Iru d  4 dqg q A 5d lw krogv wkdw ? +d, @ 2@n +d,1
Surri1 Zh uvw vkrz wkdw ?n +d,  ? +d, iru q A 5d1 Ohw D eh vxfk
wkdw mDm @ q . d dqg ? @ ? +d,1 Fohduo|/ D frqwdlqv d Kdplowrqldq
wrxu/ vr wkdw hyhu| yhuwh{ lv lqflghqw wr dw ohdvw wzr hgjhv lq D1 Wkhuh
duh dw ohdvw q5d A 3 yhuwlfhv wkdw duh lqflghqw wr h{dfwo| wzr hgjhv lq
D1 E| h{sdqglqj dq| hgjh lqflghqw wr rqh ri wkhvh yhuwlfhv lqwr d sdwk
ri ohqjwk 5/ zh rewdlq d judsk zlwk q.4 yhuwlfhv dqg wkh vdph qxpehu
ri Kdplowrqldq wrxuv dv wkh ruljlqdo judsk1 Khqfh/ ?n +d,  ? +d, iru
q A 5d1
Qh{w zh vkrz wkdw ?n +d,  ? +d, iru q A 5d41 Ohw D eh vxfk wkdw
mDm @ q . d dqg 
?n
@ ?n +d,1 Wkhuh duh dw ohdvw q . 4  5d A 3
yhuwlfhv wkdw duh lqflghqw wr h{dfwo| wzr hgjhv lq D1 E| frqwudfwlqj dq
hgjh lqflghqw wr vxfk d yhuwh{ lqwr d vlqjoh yhuwh{ zh rewdlq d judsk
zlwk q yhuwlfhv dqg dw ohdvw wkh vdph qxpehu ri Kdplowrqldq wrxuv dv
wkh ruljlqdo judsk1 Khqfh/ ? +d,  ?n +d, iru q A 5d41 Wklv suryhv
wkdw ? +d, @ 2@n +d, iru q A 5d1 
Xqiruwxqdwho|/ zh duh qrw deoh wr ghulyh d forvhg0irup h{suhvvlrq iru
? +d, iru judskv zlwk d odujh qxpehu ri yhuwlfhv dqg hgjhv1 Khqfh/ zh
uhvruw wr ghulylqj orzhu dqg xsshu erxqgv lq wkh qh{w vhfwlrqv1
:17 Orzhu erxqgv iru wkh pd{lpxp qxpehu ri
Kdplowrqldq wrxuv
Iluvw/ zh suryh wzr ohppdv wkdw doorz xv wr uhfxuvlyho| ghwhuplqh d
orzhu erxqg iru ? +d 4,/ jlyhq d orzhu erxqg iru ? +d,1
4:5 Fkdswhu :1 Wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv lq judskv





Surri1 Ohw D eh vxfk wkdw mDm @ q . d dqg ? @ ? +d,1 Ohw K @
iK 5 K? = K  Dj1 Zh pd| dvvxph wkdw mKm  5/ vlqfh wkh uhvxow
krogv wulyldoo| zkhq K  41 Vlqfh q A 5d wkhuh lv d yhuwh{ lqflghqw wr
h{dfwo| wzr hgjhv lqD/ vr wkdw _iK = K 5 Kj lv qrw hpsw|1 Frpelqlqj
wklv zlwk mKm  5 jlyhv wkdw wkhuh lv d yhuwh{ lqflghqw wr dq hgjh h lq
_iK = K 5 Kj dqg wr dw ohdvw wzr hgjhv h> h2 lq Dq _ iK = K 5 Kj1
Rwkhuzlvh/ doo yhuwlfhv zrxog eh lqflghqw wr wzr hgjhv lq _iK = K 5
Kj/ frqwudglfwlqj mKm  51 Qrwh wkdw wkh lqwhuvhfwlrq ri K.te dqg
K.te2 pljkw eh qrqhpsw| dqg wkdw wkh xqlrq ri wkhvh vhw lvK/ vlqfh
wkhuh lv qr Kdplowrqldq wrxu lq D frqwdlqlqj erwk h dqg h21 Lw iroorzv






? @ ?+d,= 










Surri1 Ohw D eh vxfk wkdw mDm @ q. d dqg ? @ ? +d,1 E| ghqlwlrq
ri j/ wkhuh lv d yhuwh{/ vd| y/ wkdw lv lqflghqw wr n  j hgjhv lq D1 Vlqfh
hdfk Kdplowrqldq wrxu lq D frqwdlqv wzr hgjhv lqflghqw wr y/ rq dyhudjh























 ? +d,1 
Xvlqj Ohppdv :15 dqg :16/ dqg wkh idfw wkdw ?+p?  q, @

2
+q 4,$/ lw lv srvvleoh wr uhfxuvlyho| qg orzhu erxqgv iru ?+p?q,>




dqg/ jlyhq wkh orzhu erxqg iru ?+d,/ ghulyh lq hdfk vwhs d orzhu erxqg
iru ?+d 4, e| hlwkhu xvlqj Ohppd :15 ru Ohppd :16/ zklfkhyhu jlyhv
wkh ehvw orzhu erxqg1 Zkhq grlqj wklv/ nhhs lq plqg wkdw Ohppd :15
lv uhvwulfwhg wr ydoxhv ri q dqg d vxfk wkdw q A 5d1 Wkh uhvxowlqj orzhu
erxqg lv ghqrwhg e| OE1 D ohvv dffxudwh orzhu erxqg/ jlyhq e| d





lq Ohppd :16 zlwk
2E?n@
?
/ dqg xvlqj wklv vdph uhfxuvlyh dujxphqw1 Wklv ohdgv wr d orzhu
erxqg OE2 suhvhqwhg lq Wkhruhp :171
:181 Xsshu erxqgv iru wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv 4:6











Surri1 Wkh frqwlqxrxv ixqfwlrq i+{, =@ %32
%
> { A 5> lv prqrwrqlfdoo|






























 = = = 
?+p?  q 4,
?+p?  q,
























:18 Xsshu erxqgv iru wkh pd{lpxp qxpehu ri
Kdplowrqldq wrxuv
Wkh iroorzlqj xsshu erxqg iru ? +d, gluhfwo| uhvxowv iurp Ohppd :151




Surri1 Vlqfh ?+d  4, 

2
 ?+d, iru doo d  4 dqg q A 5d/ zh jhw
wkdw ?+d,  5  ?+d 4,  = = =  5
@3  ?+4, @ 5
@31 
Dqdorjrxvo|/ Ohppd :15 dqg Ohppd :16 frxog eh frpelqhg lq rughu
wr ghulyh d uhfxuvlyh xsshu erxqg iru ? +d, wkdw lv ydolg iru doo ydoxhv
ri d dqg q e| xvlqj wkdw ohppd lq hdfk vwhs wkdw jlyhv wkh ehvw xsshu
erxqg1 Zh zloo qrw glvfxvv wklv lq ghwdlo khuh ehfdxvh zh duh deoh wr
ghulyh d ehwwhu xsshu erxqg1 Iluvw/ lw lv vkrzq wkdw ? +d, lv erxqghg
iurp deryh e| wkh vroxwlrq ri dq lqwhjhu surjudpplqj sureohp1 Wkhq/
dq xsshu erxqg iru ? +d, lv ghulyhg e| vroylqj wklv lqwhjhu surjudpplqj
sureohp1
4:7 Fkdswhu :1 Wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv lq judskv
Ohppd :19 Frqvlghu wkh judsk J @ +Y?>D,1 Ohw X  Y?/ zlwk 5 
mX m  q  4/ dqg ohw D  H?1 Ohw sL eh dq| sdwk lq J lqflghqw wr doo










v @ mH+D> +Y?qX, ^ ixj,m >
v 5 i4> ===> lj iru doo l 5 i4> ===> q mX mj
<@
> +:14,
Kdplowrqldq wrxuv lq J1
Surri1 Wkh surri lv e| edfnzdug lqgxfwlrq rq mX m1 Zh uvw vkrz wkdw
wklv ohppd krogv iru doo X zlwk mX m @ q 41 Lq wkrvh fdvhv sL lv d sdwk
ri ohqjwk q51 Zlwkrxw orvv ri jhqhudolw|/ ohw X @ i4> 5> = = = > q 4j dqg
ohw yhuwlfhv 4 dqg x @ q4 eh wkh hqgsrlqwv ri sdwk sL 1 Fohduo|/ sL fdq
eh h{whqghg lqwr h{dfwo| rqh Kdplowrqldq wrxu li wkh hgjhv i4> qj dqg
iq 4> qj duh erwk frqwdlqhg lq D1 Rwkhuzlvh/ sL fdqqrw eh h{whqghg
lqwr dq| Kdplowrqldq wrxu1 Zh vkrz wkdw +:14, lv d fruuhfw xsshu erxqg






@ mH+D> +Y?qX, ^ ixj,m @ miiq 4> qjjm @ 4> v  4j @ 4=





@ mH+D> +Y?qX, ^ ixj,m @ mi>jm @ 3> v  4j @ 3=
Khqfh wklv ohppd lv fruuhfw iru doo X zlwk mX m @ q 41
Qh{w/ dvvxph wkdw wklv ohppd krogv iru doo X zlwk mX m @ o.4> = = = > q4/
zkhuh 5  o  q51 Qrz wdnh dq| vhw X ri fduglqdolw| o1 Khqfh/ sL lv d
sdwk ri ohqjwk o41 E| ghqlwlrq/ wkhuh duh h{dfwo| mH+D> +Y?qX,^ixj,m
zd|v wr h{whqg dq| sdwk sL / lqflghqw wr doo yhuwlfhv lq X dqg zlwk
hqgsrlqw x 5 X / lqwr d sdwk ri ohqjwk o/ e| dgglqj dq hgjh lq D lqflghqw
wr x1 Fohduo|/ mH+D> +Y?qX,^ixj,m  mY?qX m @ q mX m/ vlqfh wkhuh duh
q mX m yhuwlfhv ohiw wr ylvlw1 Vlqfh zh dvvxphg wkdw wklv ohppd krogv iru
doo X zlwk mX m @ o . 4> = = = > q 4/ hdfk vxfk sdwk/ uhvxowlqj iurp dgglqj









v @ mH+D>Y?qX,m >
v 5 i4> = = = > lj iru l 5 i4> = = = > q mX m  4j
<@
>
:181 Xsshu erxqgv iru wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv 4:8
Kdplowrqldq wrxuv1 E| ghqlwlrq lw krogv wkdw
H+D>Y?qX, @ H+D> +Y?qX, ^ ixj,qH+D> +Y?qX, ^ ixj,=
Dv d frqvhtxhqfh/ wkhuh duh dw prvw





















v @ mH+D> +Y?qX, ^ ixj,m
v 5 i4> = = = > lj iru doo l 5 i4> 5> = = = > q mX mj
<@
>
zd|v wr h{whqg sL wr d Kdplowrqldq wrxu1 Lq ghulylqj wkh odvw lqhtxdolw|
zh h{solflwo| xvhg wkdw mH+D> +Y?qX,^ ixj,m  q mX m1 Wkh lqgxfwlrq
vwhs lv qrz frpsohwh/ dqg khqfh wklv ohppd krogv iru doo X zlwk mX m @ o1
Wklv frpsohwhv wkh surri1 
Fruroodu| :1: Frqvlghu judsk J @ +Y?>D,1 Ohw D  H?1 Ohw x eh dq|
yhuwh{ lq Y?1 Ohw g+x, ghqrwh wkh qxpehu ri hgjhv lq D lqflghqw wr x1












v @ mDm  g+x,>
v5i4> = = = > lj iru doo l5i4> 5> = = = > q 5j
<@
> +:15,
Surri1 Fkrrvh dq| hgjh iurp wkh g+x, hgjhv lq D wkdw duh lqflghqw
wr yhuwh{ x1 Iru hdfk fkrlfh/ wkh pd{lpxp qxpehu ri srvvlelolwlhv iru
h{whqglqj wklv hgjh lqwr d Kdplowrqldq wrxu lv jlyhq e| wkh whup ehwzhhq
eudfnhwv rq wkh uljkw kdqg vlgh ri +:15, +vhh Ohppd :19,1 Wkh idfwru

2
fruuhfwv iru wkh idfw wkdw hdfk Kdplowrqldq wrxu lv irxqg e| vwduwlqj
zlwk hlwkhu rqh ri lwv hgjhv lqflghqw wr yhuwh{ x1 
Qrwh wkdw wkh uljkw kdqg vlgh ri +:15, lv dq lqwhjhu surjudpplqj
sureohp1 Wkh vroxwlrq wr wklv w|sh ri sureohp lv suhvhqwhg lq Ohppd
:1;1
Ohppd :1; Ohw o dqg W eh lqwhjhuv vxfk wkdw o  W  
2
o +o . 4,1 Ghqh
n dv wkh odujhvw lqwhjhu iru zklfk | =@ W  
2











v 5 i4> = = = > lj iru doo l 5 i4> 5> = = = > oj
<@
>@ +n . 4,
+
n,3&3+n$1
4:9 Fkdswhu :1 Wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv lq judskv
Surri1 Ljqrulqj wkh vhw ri frqvwudlqwv v 5 i4> = = = > lj wkh sureohp lv wkdw
ri pd{lpl}lqj d surgxfw ri lqwhjhuv jlyhq wkhlu vxp1 Wklv lv dfklhyhg e|
fkrrvlqj wkhvh lqwhjhuv dv forvh wr hdfk rwkhu dv srvvleoh/ vlqfh iru dq|
wzr lqwhjhuv q dqgp/ zlwk q ? p/ lw krogv wkdw +q. 4, +p 4, @ qp.
+p q,4 pq1 Khqfh/ zlwkrxw wkh frqvwudlqw v 5 i4> = = = > lj/ wkh rs0
wlpdo vroxwlrq zrxog eh hlwkhu ri wkh irup ivW

> = = = > vW
,
j @ in> = = = > nj ru ri
wkh irup ivW

> = = = > vW
,
j @ in> = = = > n> n. 4> = = = > n . 4j1 Lw lv hdvlo| vhhq wkdw
li wkh vhw ri frqvwudlqwv v 5 i4> = = = > lj lv qrw ljqruhg/ wkhq wkh rswlpdo
vroxwlrq lv hlwkhu ri wkh irup ivW

> = = = > vW
,
j @ i4> 5> = = = > n> = = = > nj ru ri wkh
irup ivW

> = = = > vW
,
j @ i4> 5> = = = > n> = = = > n> n . 4> = = = > n. 4j1 Wkh uvw sduw
ivW

> = = = > vW
&
j @
i4> 5> = = = > nj lv qhhghg lq rughu wr vdwlvi| wkh dgglwlrqdo frqvwudlqwv1
Vxssrvh/ wr wkh frqwudu|/ wkdw wkh rswlpdo vroxwlrq ivW

> = = = > vW
,
j kdv d
glhuhqw irup1 Zlwkrxw orvv ri jhqhudolw|/ ohw vW





ohw wkh vroxwlrq eh ihdvleoh/ l1h1 vW

5 i4> = = = > lj iru doo l 5 i4> 5> = = = > oj1



















lv dovr ihdvleoh dqg kdv d odujhu remhfwlyh ydoxh/ frqwudglfwlqj wkh rswl0
pdolw| ri ivW> = = = > v
W
,
j1 Wkh surri lv frpsohwhg e| qrwlqj wkdw wkh odujhvw
srvvleoh ydoxh ri n lv wkdw ydoxh iru zklfk 4 . 5 . = = =. n . n+o  n, @

2
n +n . 4, . n+o  n,  W 1 
Xvlqj Fruroodu| :1: dqg Ohppd :1;/ zh ghulyh dq xsshu erxqg iru
?+d,/ zklfk lv suhvhqwhg lq Wkhruhp :1<1





1 Ohw n 5 i4> = = = > q  5j eh wkh odujhvw
lqwhjhu vxfk wkdw | =@ q. d j  
2
n +n . 4, n +q 5 n,  31 Wkhq




+n . 4,+ n?323&3+n$ =@XE21
Surri1 Frqvlghu dq| judsk J zlwk q yhuwlfhv dqg q. d hgjhv/ dqg ohw
g ghqrwh wkh pd{lpxp ghjuhh lq wklv judsk1 Fohduo|/ g  j1 Dsso|lqj
Fruroodu| :1: dqg Ohppd :1; jlyhv wkdw wkh qxpehu ri Kdplowrqldq wrxuv






_ n_$ =@ E_/ +:16,
zkhuh n_ lv wkh odujhvw lqwhjhu vxfk wkdw
|_ =@ q. d g
4
5
n_ +n_ . 4, n_+q 5 n_,  31 +:17,
:181 Xsshu erxqgv iru wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv 4::
Qrwh wkdw wkh rqo| wklqj wkdw uhpdlqv wr grqh/ lv wr suryh wkdw dq xsshu
erxqg iru ?+d, lv irxqg e| uhsodflqj g lq +:16, zlwk lwv plqlpxp ydoxh
j1 Wklv lv htxlydohqw wr vkrzlqj wkdw E_ lv qrq0lqfuhdvlqj lq g iru doo
g  j/ zklfk lv grqh qh{w1 Frpelqlqj +:17, zlwk 
2
n_ +n_ . 4, . n_+q
5 n_, @ n_
&_n
2


















+q. d,  j  g1 +:18,
Wr frpsohwh wkh surri zh glvwlqjxlvk wzr fdvhv |_ A 3 dqg |_ @ 3/ dqg
vkrz wkdw E_n  E_/ l1h1 E_ lv qrq0lqfuhdvlqj lq g/ iru doo g  j1 Li

















gn_ . +n_  g, 4
gn_
 E_1 
Wdeohv :15 dqg :16 jlyh wkh xsshu dqg orzhu erxqgv iru ?+d,/ gh0
ulyhg lq wklv fkdswhu/ iru judskv zlwk 9 ru 43 yhuwlfhv1 Iru judskv zlwk
9 yhuwlfhv wkh jds ehwzhhq wkh orzhu dqg wkh xsshu erxqg iru S+d,
lv uhodwlyho| vpdoo1 Wkh udwlr XE22OE2 lv dw prvw 6 iru dq| qxpehu
ri hgjhv lq wkh judsk1 Iru judskv zlwk 43 yhuwlfhv wklv udwlr fdq eh
pxfk odujhu/ hvshfldoo| iru vsduvh judskv1 Lq idfw/ wkh udwlr vhhpv wr eh
lpsurylqj zkhq wkh qxpehu ri hgjhv lqfuhdvhv1 Wklv lv h{shfwhg/ vlqfh
wkh orzhu erxqgv iru ?+d, duh fdofxodwhg uhfxuvlyho| lq d/ vwduwlqj zlwk
wkh frpsohwh judsk/ dqg khqfh wkh txdolw| ri wkh orzhu erxqgv lv zruvh
iru vsduvh judskv wkdq iru ghqvh judskv1 Zh wkhuhiruh h{shfw wkdw iru
vsduvh judskv/ wkh udwlr ri wkh xsshu erxqg dqg wkh h{dfw ydoxh ri ?+d,
lv pxfk vpdoohu wkdq wkdw ri wkh h{dfw ydoxh dqg wkh orzhu erxqg1
4:; Fkdswhu :1 Wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv lq judskv
d orzhu erxqgv S+d, xsshu erxqgv
OE2 OE XE XE2
3 4 4 4 4 4
4 4 4 4 4 4
5 4 4 5 5 6
6 5 5 9  9
7 6 7 9  ;
8 9 : 43  49
9 45 47 49  57
: 54 55 57  63
; 69 69 69  78
< 93 93 93  93
Wdeoh :151 Orzhu erxqgv dqg xsshu erxqgv iru S+d,1
d orzhu erxqgv ?+d, xsshu erxqgv
OE2 OE XE XE2
8 4 4 45  57
43 44 57  6;7
48 49; 694  5763
53 4:3< 55;3  4369;
58 43774 45589  66933
63 7;543 84977  ;9733
68 4;4773 4;4773 4;4733  4;4733
Wdeoh :161 Orzhu erxqgv dqg xsshu erxqgv iru f+d,1
:19 Frqfoxvlrqv
Ghvslwh doo sduwldo uhvxowv suhvhqwhg lq wklv fkdswhu wkh sureohp ri gh0
whuplqlqj wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv lq judskv zlwk d
jlyhq qxpehu ri yhuwlfhv dqg hgjhv lv vwloo rshq1 Wkh pdlq uhvxowv lqfoxgh
d orzhu erxqg OE2 dqg dq xsshu erxqgXE2/ erwk jlyhq e| forvhg0irup
irupxodv1 Erwk erxqgv krog iru dq| qxpehu ri yhuwlfhv dqg hgjhv1 Iru
vpdoo qxpehuv ri yhuwlfhv/ wkh udwlr XE22OE2 wxuqv rxw wr eh vpdoo dv
zhoo +ohvv wkdq 6 iru 9 yhuwlfhv,/ lqglfdwlqj wkdw erwk erxqgv duh forvh
wr wkh h{dfw ydoxh1 Iru vsduvh judskv zlwk odujh qxpehu ri yhuwlfhv/ wkh
udwlr lv pxfk odujhu1 Zh h{shfw wkdw iru vsduvh judskv wkh xsshu erxqg
lv d ehwwhu lqglfdwru ri wkh h{dfw ydoxh wkdq wkh orzhu erxqg/ lq wkdw
:191 Frqfoxvlrqv 4:<
fdvh wkh udwlr XE22h{dfw lv vpdoohu wkdq wkh udwlr h{dfw2OE21 Ixwxuh
uhvhdufk frxog eh gluhfwhg wrzdugv wu|lqj wr ghfuhdvh wkh jds ehwzhhq
wkh orzhu dqg wkh xsshu erxqg1
4;3 Fkdswhu :1 Wkh pd{lpxp qxpehu ri Kdplowrqldq wrxuv lq judskv
